Abstract. In the paper we find effective formulas for the complex geodesics in the symmetrized bidisc.
1. Introduction. In the paper we deal with the problems arising while the study of the so-called symmetrized bidisc. The study of this domain was initiated by J. Agler, F. B. Yeh and N. J. Young (see e.g. , [Agl-Yeh-You] ). Their interest came from the spectral theory. However, they found out that some of the results obtained for the symmetrized bidisc are interesting from the viewpoint of the geometric function theory, especially from the theory of holomorphically invariant functions. In particular, the symmetrized bidisc is an example of a bounded pseudoconvex domain, which is not biholomorphic to any convex domain and on which the Lempert function and the Carathéodory distance coincide (see , [Cos 2]). Therefore, it is the first example showing that the Lempert theorem (i.e. the coincidence of all holomorphically invariant functions) may extend non-trivially onto a larger class of domains than that of convex domains. Note that even more is known, namely, the symmetrized bidisc is not the exhaustion of domains biholomorphic to convex domains -see [Edi 2].
As a consequence of the above mentioned equality a natural notion of a complex geodesic arise (see e.g. [Jar-Pfl] , the definition follows). The main aim of the paper is to give a description of all complex geodesics of the symmetrized bidisc (see Theorem 2). As a corollary we get an interesting phenomenon of the symmetrized bidisc; namely, the complex geodesics in the symmetrized bidisc extend holomorphically through the boundary and, unlike in all known cases, their boundaries lie in a very thin part of the boundary of the symmetrized bidisc (see Corollary 3).
Let us note that the description of complex geodesics together with the proof of their uniqueness was announced in .
2. Basic notions and definitions in the theory of holomorphically invariant functions. Let us start with basic definitions of the holomorphically invariant functions. For more references on this theory we refer the interested reader to consult [Jar-Pfl] and [Kob] . Typeset by A M S-T E X 1 Let D denote the unit disk in C and let p denote the Poincaré distance on D. For a domain D ⊂ C n and for points w, z ∈ D we define 
The important theorem of Lempert states that if D is biholomorphically equivalent to a convex domain then the inequalities above become equalities (see [Lem] ), i.e., for any domain D biholomorphic to a convex domain we have c D =k D .
In other words,k Dgeodesics are those mappings for which the infimum in the definition ofk D is attained.
If D is a taut domain (the domain D is taut if for any sequence (ϕ ν )
The problem of finding explicit formulas for complex geodesics (ork D -geodesics) is, in general, very difficult. One of very few non-trivial examples for which the formulas for complex geodesics are known completely are convex complex ellipsoids (see [Jar-Pfl-Zei] ) or more generally convex generalized pseudoellipsoids (see [Zwo] ). Another example of a convex domain, where the complex geodesics are known is the so-called minimal ball (see [Pfl-Yous] ). Without the assumption of convexity only necessary forms ofk D -geodesics are known (see [Edi 1] also [Pfl-Zwo] ).
3. Basic properties of the symmetrized bidisc and statement of results. Now let us start the study of the symmetrized bidisc. Define
It is easy to see that G 2 is a domain. We call the domain G 2 the symmetrized bidisc. It is easy to calculate that
It follows from this description that G 2 is a bounded hyperconvex domain in C
2
(we recall that the bounded domain D ⊂ C n is hyperconvex if there is a continuous plurisubharmonic function u : D → (−∞, 0) such that lim D∋z→∂D u(z) = 0). In particular, G 2 is taut, so for any pair of points w, z ∈ D, w = z there is ak G2 -geodesic for (w, z). Let us recall that there is a number of other possible descriptions of the symmetrized bidisc (see e.g. , and [Agl-Yeh-You] ). Nevertheless, since we make use only of the above mentioned descriptions, therefore we do not recall them here.
Note that π : D 2 → G 2 is a proper holomorphic mapping with multiplicity 2 and π :
2 ) : λ ∈ D}. Our first aim is a description of kG 2 -geodesics for the points ((0, 0), (s 0 , p 0 )) with (s 0 , p 0 ) = (0, 0). The result below may be treated as the generalization of the 'Schwarz Lemma' for the symmetrized bidisc as formulated in [Agl-You 1] (we give an alternative description of geodesics and the uniqueness of the solution of the extremal problem -i.e. the uniqueness of geodesics passing through (0, 0)). Moreover, the description of thek G2 -geodesics seems to us to be simpler and more natural than that in .
Then the following are equivalent:
there is a Blaschke product of degree less than or equal to two (3)
Moreover, any mapping satisfying
Remark. It is easy to see that the function ϕ defined in (3) is a holomorphic function on D, ϕ(0) = (0, 0) and its image lies in G 2 . Moreover, we may write down explicitly all the possible forms of ϕ satisfying (3). Namely, if
As already mentioned, the Lempert function and the Carathéodory distance of the symmetrized bidisc coincide (see , [Cos 2]), i.e.
This, together with the fact that G 2 is not biholomorphic to any convex domain (see [Cos 1]), makes the domain interesting from the viewpoint of the theory of holomorphically invariant functions. In the theorem below we shall make use of the above mentioned equality to give a description of allk G2 -geodesics (or equivalently, complex geodesics) in G 2 .
Before we formulate the result let us recall how we can define automorphisms of G 2 , which map (0, 0) onto an arbitrary point of S (see ). Namely for the fixed α ∈ D we define the automorphism of
Define the automorphism B α of G 2 as follows:
Therefore, in view of Theorem 1, the whole problem with the description of complex geodesics reduces to the characterization of geodesics omitting the set S (i.e. such that ϕ(D) ∩ S = ∅).
The description of geodesics follows.
Then ϕ is a complex geodesic if and only if one of two possibilities holds
and B is a Blaschke product of degree one or two;
has no root in D.
As an immediate corollary of Theorem 2 we get the following interesting property of complex geodesics of the symmetrized bidisc.
Corollary 3. Let ϕ : D → G 2 be a complex geodesic. Then ϕ extends holomorphically onto a neighborhood ofD and ϕ(∂D) ⊂ π(∂D × ∂D).
As a corollary of Theorem 1 (uniqueness), Theorem 2 and the existence of automorphisms B α we get the following. 
Moreover, each of the possibilities (i)-(iii) is satisfied by some complex geodesic.
In the proofs of Theorems 1 and 2 essential role will be played by special rational functions among which we shall choose candidates for the extremals in the definition of the Carathéodory distance. Namely, put
One may verify that F ω (G 2 ) ⊂ D, ω ∈ ∂D ∪ {0} (see [Agl You] ). Now we go on to proofs of Theorems 1 and 2.
4. Proof of Theorem 1.
Proof of Theorem 1. First we show that any function ϕ defined in (3) is a complex geodesic. In particular, it will show the implication ( (3) =⇒ (2)). Let us fix ϕ as in (3). It is sufficient to find
where r is some rotation.
In fact, we shall show that the function F may be chosen as the one as in (6) or (7).
Let us consider the case when B(λ) = τ λ, λ ∈ D, where τ ∈ ∂D. Then ϕ(λ) = (0, −τ 2 λ), λ ∈ D, and then F (s, p) := p, (s, p) ∈ D, satisfies the desired property. Therefore, we are left with the case B(λ) := τ λ λ−α 1−ᾱλ , λ ∈ D, where τ ∈ ∂D and α ∈ D. In this case the function F will be as in (7).
First we consider the case α = 0, i.e. ϕ(λ) = (2τ λ, τ 2 λ 2 ), λ ∈ D. It is sufficient to take ω = 1. So assume that α = 0. Recall that then
Note that in view of the Schwarz Lemma it is sufficient to choose ω so that |F (ϕ(α 2 ))| = |α| 2 (because F (ϕ(0)) = 0 and α 2 = 0). Let us calculate (substitute in the last equality ω :=
This completes the proof of the fact that any function ϕ defined by (3) is a complex geodesic.
Now we show the following: for any (s 0 , p 0 ) ∈ D, (s 0 , p 0 ) = (0, 0) there is a mapping ϕ as defined in (3) such that ϕ goes through (s 0 , p 0 ). Let (s 0 , p 0 ) = π(t 1 , t 2 ). Obviously (t 1 , t 2 ) = (0, 0). It is sufficient to show that there is a finite Blaschke product of degree one or two and σ ∈ D \ {0} such that B(0) = 0, B(σ) = t 1 , and B(−σ) = t 2 .
In the case t 2 = −t 1 it is sufficient to take B = id, σ = t 1 . So assume that t 2 = −t 1 . It is suffices to find τ ∈ ∂D, σ ∈ (0, 1), and α ∈ D such that
Now comparing the values p(σ, −σ) and p( t1 σ , t2 −σ ) as σ ∈ (max{|t 1 |, |t 2 |}, 1) and making use of the Darboux property we get the existence of a σ ∈ (max{|t 1 |, |t 2 |}, 1) such that p(σ, −σ) = p( t1 σ , t2 −σ ). This easily implies the existence of τ and α as desired. Now we prove the implication ((2) =⇒ (3)) under the additional assumption that
Note that ψ is a bounded holomorphic function. We may write
Then, in view of the description of G 2 as in (1).
where the root taken above is chosen arbitrarily so that the function B defined
is holomorphic on D. Note that B(0) = 0 and |B| < 1 on D. Then we may write
Taking the square in the last equality we get
Consequently,
It follows from (9) that for any λ ∈ D
In view of the identity principle for holomorphic functions two cases are possible:
In Case (I) we easily get the existence of a function B 1 ∈ O(D, D) such that
, λ ∈ D. Taking the other holomorphic branch in the formula for B 1 we may define analogously the function B 2 ∈ (D, D) such that
Then it follows from our earlier considerations that there is some F ∈ O(G 2 , D) such that F (0, 0) = 0 and |F (ϕ(λ))| = |λ|, where F is as in (6) or (7). If F is as in (6) then, in view of the Schwarz Lemma,
In the second case there is some τ ∈ ∂D such that
Differentiating at 0 we get (recall that B 1 (0) = B 2 (0) = 0)
The last equality together with the Schwarz inequality applied to B 1 and B 2 shows that B 1 (λ) = −ωτ λ = B 2 (λ), λ ∈ D, so ϕ(λ) = (−2ωτ λ,ω 2 τ 2 λ 2 ), λ ∈ D, which shows that ϕ is as in (4) (and contradicts (8)), which finishes the proof in this case.
In Case (II) we easily get that
Then in view of (9) we get that
Therefore, we are left with the proof of the fact that B is a Blaschke product of degree less than or equal to 2. Let (s 0 , p 0 ) = π(t 1 , t 2 ) = π(t 2 , t 1 ), where t 1 , t 2 ∈ D. Let ϕ(σ 2 ) = (s 0 , p 0 ). The assumption that ϕ is ak D -geodesic for ((0, 0), (s 0 , p 0 )) leads us to the following observation: B(σ) = t 1 , B(−σ) = t 2 (or vice versa, which, however, may be dealt analogously). Moreover, the function B is extremal in the following sense: B ∈ O(D, D), B(0) = 0, B(σ) = t 1 , B(σ 2 ) = t 2 and there is no holomorphic function f : D → C such that f (D) ⊂⊂ D and f (0) = 0, f (σ) = t 1 , f (−σ) = t 2 ). Therefore, (see e.g. [Edi 1]) B must be a Blaschke product of degree smaller than or equal to two. So the implication ((2) =⇒ (3)) (under the assumption (8)) is finished. Now we show that the assumption that ϕ is ak G2 -geodesic and the inequality ψ −1 (0) = {0} implies that ϕ(λ) = (2τ λ, τ 2 λ 2 ), λ ∈ D, for some τ ∈ ∂D. In fact, assume that ψ(λ 0 ) = 0 for some λ 0 ∈ D \ {0}. Consequently, ϕ 2 1 (λ 0 ) = 4ϕ 2 (λ 0 ). It follows from our considerations that ϕ must be a complex geodesic and that there is an F ∈ O(G 2 , D) such that F • ϕ is a rotation, where F is as in (6) or (7). In the first case |ϕ 2 (λ)| = |λ|, λ ∈ D. But because of the Schwarz Lemma we have |ϕ
2 , which together with the equality |ϕ 2 1 (λ 0 )| = 4|ϕ 2 (λ 0 )| = 4|λ 0 | gives the contradiction. So assume that there are ω, τ ∈ ∂D such that
Then we get the following equality (substitute λ = λ 0 in (12))
Solving the above equality with respect to ϕ 1 (λ 0 ) (note that |ϕ 1 (λ 0 )| < 2) we get that ϕ(λ 0 ) = −2ωτ λ 0 . Applying the Schwarz Lemma to ϕ 1 : D → 2D we get that ϕ 1 (λ) = −2ωτ λ, λ ∈ D. Substituting this formula in (12) it follows that ϕ 2 (λ) =ω 2 τ 2 λ 2 , λ ∈ D, which shows that ϕ is as in (4).
To finish the proof of the theorem it is sufficient to show the uniqueness. Let ϕ be ak G2 -geodesic for ((0, 0), (s 0 , p 0 )) and ϕ(σ 2 ) = (s, p) = π(t 1 , t 2 ). Then ϕ is given by some Blaschke product of degree less than or equal to two. Moreover, the Blaschke product is such that B(0) = 0 and, without loss of generality, B(σ) = t 1 , B(−σ) = t 2 . But the values at three points (0, σ and −σ) determine uniquely such Blaschke products. This completes the proof of the uniqueness and the proof of the whole theorem.
Remark. Note that in the proof of Theorem 1 we did not make use of the equalitỹ k G2 = c G2 . In fact, we even showed the equalitỹ
Assuming the equalityk G2 = c G2 from the very beginning we may simplify the proof a little. However, without this result our proof is not much longer but much more self-contained.
5. Proof of Theorem 2. In this part of the paper we provide the proof of Theorem 2. In contrast to the proof of Theorem 1 we make use of the equalitỹ k G2 = c G2 . In particular, we know that the notions ofk G2 -geodesics and complex geodesics coincide in the symmetrized bidisc.
Proof of Theorem 2. Note that the composition b β • B, where β ∈ D and B is a Blaschke product of degree one or two, is a Blaschke product of degree one or two. Therefore, in view of Theorem 1 and because of the existence of automorphisms B α mapping (0, 0) to an arbitrarily chosen point from S, to prove Theorem 2 it is sufficient to study the mappings ϕ omitting S.
Since we need this fact, note that we already know that if ϕ is a complex geodesic in G 2 such that ϕ(D) ∩ S = ∅ then ϕ(∂D) ⊂ π(∂D × ∂D).
To finish the proof of Theorem 2 it is sufficient to show the following equivalence.
Then ϕ is a complex geodesic if and only if ϕ = π • f , where f = (f 1 , f 2 ), f 1 , f 2 ∈ Aut D and f 1 − f 2 has no root in D. It is sufficient to show that f = (f 1 , f 2 ), where f 1 , f 2 ∈ Aut D. Since f is a complex geodesic we easily obtain that at least one of its components is from Aut D. Suppose that the other component is not from Aut D. Without loss of generality let f 1 ∈ Aut D and f 2 ∈ Aut D. Fix σ ∈ (0, 1). Then there is a functionf
, f (σ)) (and consequently, a complex geodesic) and π • (f 1 ,f 2 ) is a complex geodesic in G 2 . But f 1 −f 2 has one root in D (use Hurwitz theorem), sõ ϕ := π • (f 1 ,f 2 ) intersects S, which however contradicts the description of complex geodesics passing through S becauseφ(∂D) ⊂ π(∂D × ∂D).
(⇐): Let ϕ = π • (f 1 , f 2 ) be such that f 1 , f 2 ∈ Aut D and the equation
has no root for λ ∈ D. Without loss of generality we may assume that f 1 (λ) = λ, λ ∈ D and f 2 (λ) = τ λ−α 1−ᾱλ , λ ∈ D, where τ ∈ ∂D and α ∈ D \ {0}. One may easily verify that the nonexistence of roots of the equation (13) is equivalent to the inequality
(see e.g. Lemma 4.2 in [Agl-McCar] )). We shall prove the existence of a mapping
, λ 1 , λ 2 ∈ D. The above equality implies that F • ϕ is an automorphism of the unit disk and, consequently, it shows that ϕ is a complex geodesic.
Elementary calculation show that the limit in (15) equals
The last expression is smaller than or equal to
with the equality holding iff
But the last expression equals 1. So we shall finish the proof if we show for any τ ∈ ∂D satisfying (14) the existence ofω ∈ ∂D such that
It is easy to verify that it is sufficient to show the existence of such anω for τ ∈ ∂D satisfying the equality |1 − τ | = 2|α| or 1−cos τ = 2|α| 2 (and then without loss of generality we may assume that sin τ > 0). So let τ = 1 − 2|α| 2 + i 1 − |α| 2 2|α|. Defineω := −|α| + i 1 − |α 2 . Then we may easily verify that Remark. Note that a more effective description of automorphisms f 1 and f 2 coming out in the case (ii) is given with he help of the inequality (14). Although the condition (14) applies to the situation when f 1 = id, it gives no restriction on generality of the characterization. The proof of the equality c G2 =k G2 given by Costara in [Cos 2] (unlike the one of Agler and Young in ) is purely function-theoretic. So all the results obtained in the paper may be proven by the function theoretic means.
Our method led us to an alternate (but certainly equivalent) description of complex geodesics in the symmetrized bidisc to the one of Agler, Costara, Yeh and Young. In particular, our description suggests a possible form ofk Gn -geodesics (or probably complex geodesics) for G n , n ≥ 3, where G n denotes the higher dimensional analogue of the symmetrized bidisc defined as follows. G n := π n (D n ), where π n (λ 1 , . . . , λ n ) = (λ 1 + . . . + λ n , 1≤j<k≤n λ j λ k , . . . , λ 1 · . . . · λ n ), λ j ∈ C, j = 1, . . . , n. Namely, the suggested form of thek Gn -geodesics passing through (0, . . . , 0) (and for our convenience mapping 0 into (0, . . . , 0)) is of the following form
where in the definition above B is any Blaschke product of degree less than or equal to n, B(0) = 0, n √ 1 = {ε 0 , . . . , ε n−1 } and the root n √ λ is chosen arbitrarily. The main obstacle in the possible proof of the fact that these functions are actuallyk Gngeodesics (or even complex geodesics) is the lack of good candidates of functions maximalizing the expression in the definition of the Carathéodory distance, which would play the role of the functions F ω from the two dimensional case.
